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Introduction: entanglement.

Entanglement spectrum (ES).

Entanglement spectrum in 2D SU(2)-broken g T

phases.

Ground state ES of the 2D J;-J> Heisenberg 2
model:

— Triangular & kagomé lattice.

Low-lying ES levels < SU(2) towers of states.

ES (combined with DMRG) as a tool to detect

continuous symmetry broken phases.
[F. Kolley, S. Depenbrock, I. P. McCulloch, U. Schollwéck, V. A., PRB 88, 144426]

Bonus: entanglement in multipartite systems
(negativity).

L o Toslevels 2 4
L o]
K3
¢ i
o
L & 4
N
L % ]
8 W=L/226, 3,/3,= -1
id . . . .
0 5 10 15 20
S,(S,*1)
Fw=L/2=9, 3,3,= -1 g
$
[ onsP]
L - & }
$
[ RS i
§
L A% 4
8
il L L L L L
0 10 15 20 25
S,(S,+1)

LMU

LUDWIG-
MAXIMILIANS-
UNIVERSITAT
MUNCHEN

Vincenzo Alba Entanglement spectroscopy of SU(2) broken phases



Entanglement

» Consider a quantum system in d dimensions in the ground statil\w
p = W)Y ™\

H=Has® Hg — pa= Trgp ¢

v

If the system is bipartite:

» How to quantify the entanglement (quantum correlations) between
A and B?

» von Neumann entropy Sa = —Trpalogpa = — >, Ailog \;

v

1D conformal invariant Systems [Holzhey,Larsen,Wilczek,1994] [Calabrese, Cardy,2004]

Sa = Slogt
= c central charge

2D topologically ordered phases [kitaev,Preskill 2006][Levin Wen, 2006]

v

Sa=aldt 45 ~ topological entropy
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Entanglement spectrum (ES)

> Given the reduced density matrix pa:
{M=0(pa) = pa=e™ = o(Ha)=—log({\})

» Fractional Quantum

Hall: the ES retains features of the critical edge

modes (ES— edge spectra correspondence) [uiHaldane, 2008]
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» More general: the relevant information to describe the physics of a

system is encoded in

the “low energy” part of entanglement spectra.
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J1-J, Heisenberg model on the Kagomé lattice

) H:J125;-5j+J225,--5j
><N (i) (@) >0

>V< ay [Yan,Huse,White,2011]

[Depenbrock, McCulloch, Schollwéck,2012]
[Jiang,Wang,Balents,2013]

> At large ferromagnetic J, < 0 = SU(2) is
broken (here J,/J; = —1).

» Coplanar magnetic order (/3 x /3 state).

» Complete breaking of SU(2) in the
thermodynamic limit.

» Three ferromagnetic sublattices.
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Ji-J, Heisenberg model on the triangular lattice

3, H=h) 5 -Si+h > S-S 4>o0
: (if) {(ii))

= [Bernu,Lhuillier,Pierre,1992]
a,
\A/\ A [White, Chernyshev,2007]

a
T > At large ferromagnetic J, < 0 = SU(2) is

;y/\P broken (here Jy/Jy = —1).
» Coplanar magnetic order (120° state).
" » Complete breaking of SU(2) in the
thermodynamic limit.
" » Three ferromagnetic sublattices.
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ES in SU(2) broken phases

> Non abelian SU(2) symmetric DMRG simulations. (s white100]
[U. Schollwi)'ck,2005,2011]

- Cylindrical geometry' [E. M. Stoudenmire,2012]
~ Half-cylinder ES (W = L/2).
'H:J1ES,'-SJ'+J2 > S-S5
(i) (i)
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ES in SU(2) broken phases: DMRG results

S, subsystem total spin

Kagomé cylinders ST - S
W=L/2=4,3,13,=-1 W=L/2=3, J,13,=-1 ‘g vAvAvA
j | K avAvaAS
1y S IR VAVAVAY,
§ § v : §e "//§,@“‘

[ o 8 integer Sy | A0

) >~®  half-integer Sy > ES levels form SU(2) multiplets.
@ ToSlevels
% 5 10 15 20 5 10 15 » Prominent tower structures in
S,(S4+1) S,(S4+1)

low-lying levels.

Linear behavior with Sa(Sa + 1).

v

v

Entanglement gap.
Tower multiplicities as (2Sa + 1)2.

v
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ES in SU(2) broken phases: DMRG results

Kagomé Cy|ind€r5 S, subsystem total spin
WEL/2=4, 3,/3,=1 g W=L/2=3, 3,/,=-1 g oo e A _____

15% N Y E g o
IR I R
3 R R S BVAY V.V,

59/0" 316 e 4 & X-T ‘fb”

°X°g'/ ¢ ToS levels ‘kxo L L

% 5 10 15 2 510 1 > ES levels form SU(2) multiplets.

S,(S,+1) S,(S4+1)

» Prominent tower structures in

low-lying levels.

g8 T T ]
15§ E § > Linear behavior with Sp(Sa +1).

% g E . > Entanglement gap.
10f o P T

ey » Tower multiplicities as (25 + 1)2.

- e
st 87 » Same structure for both lattices.

> © ToSlevels
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S,(S,+) S,(S,+1)

Vincenzo Alba Entanglement spectroscopy of SU(2) broken phases



Tower of states substructure

Triangular lattice ES ofer o1 o1 01| e
‘ ‘ ‘ . eé\ 02 °, lines” of
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L 2> WEers T N2
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» Regular distribution of levels.
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Tower of states mechanism in energy spectra

H:J125,--SJ-+J2 > 5,"5J'
(ij) (i)

> At S,/ = —1 = magnetic order = SU(2) (continuous) symmetry
breaking.

> Problem: the system is in a finite volume V (no symmetry breaking).

» Symmetry breaking and finite size energy spectra: Anderson tower of

states [Anderson,52][Fisher,89][Bernu et al.,92]

— St total lattice spin
-S4, B,~ total sublattice spin
2 2 @2 2 / b, ) oo
H ~ (STfsafsﬁ—Sv) + (SZ )2(i . i) + 7—[ X1, X| SPin susceptibilities
2x.V 2V x1 x| sw

-s7 ¢ [—St, S| effective spin vari-
able

— Hsw spin wave Hamiltonian
HTOS

" I
,v/\B (53 — 82 — 53 —S2)=2(Sa - Sg + Sa - Sy + 55 S4)
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SU(2) tower of states energy spectrum

§ gl -1v"? 1 » Asymptotic gap in the spectrum.
- § § ) { » Linear behavior with S7(St + 1).
E o & ‘ %@faf}\”" > ToS multiplicity as (251 + 1)%.
g,r"@ | » ToS degeneracy is lifted as ~ (5% )2.
3,—‘/ l~l/V
0“ L L L L L L L
0 5 10 15 20 25 30 35

S.(S;+1)

1w S5
2XLV

2/ y2 AHg, ~ 1/ V12
+ (52‘/) i - i) + st /

XL X||

> ToS spectroscopy routinely used to detect SU(2) broken phases with exact
diagonalization [Bernu,Lhuillier,Pierre,1992]
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Tower of states structure and ES

> The lower part of the ground state ES in systems with continuous
symmetry breaking is described by the tower of states Hamiltonian.

_— A
[Grover,Metlitski,(2011)] HE ~ H(To)s/ TE TE ~ VS/V1/2
[V.A.,Haque,Lauchli, (2013)]
> Heisenberg J;-J> model = Effective entanglement Hamiltonian

!
o Sa(Sa+1) (SR 1 1 vz~ w
He ~ vsx1 W vs W (Xi XH)

> Tower collapse as ~ 1/W.

> Linear behavior as Sa(Sa + 1).

> Tower substructure given by (Sf\/)z.
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Tower of states structure and the ES: numerical check

triangular Kagomé
——— R — — > A one parameter fit reproduces
orgd % g 0Bl o @ O @ @24 o B @ @ B 14 3 .
542 EREREIEF 0B BB the behavior of the entire ToS
(%]
u ©eg & o g2 58 g2 structure.
1] 1t Hf b 1
9 B 02
N-2r I B g2 /
s @ @ 0 57 o(S5)?
> THA THA KHA
C§> W=6 2F wW=9 2 w=4 ]
= 52 o =] 2 Z/ ZI
al 1| g seoure 02 » S2 and —S; are degenerate =
01 2 3 4 Jizeesezieor |fo 1 2z 3 4 SU(2) multiplets pairs
SA SA SA
~ 1) &P 1
HE ~ h vs W A x 1 XH)
Z/
S3 = —5x,—Sa+1,...,54— 1,5,
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Tower of states finite size behavior: entanglement gap

o (b) ‘ (c) 5 ‘
g o 0.8 .
0 (a) ol o |
Q
[0 @’ <&
o | o 06 —
c o
g ‘ A a < Di NU;(
g AD * 0 0" % o4  ©0° ,
=) - =
c 4 o
s - X <— o
c . I o) 2 0.2F 4
| — o KHA J,-J
ds o THAJ-J
o 5 6 0‘.2 o‘.4 00 o‘.z 0.4
S,(S,+1) 1w 1w

vsx 1 W vs W

He ~ Sa(Satl) _ (54 )2( 1 1 )

> 0§ is vanishing as 1/V'/2 ~ 1/W with increasing V.

> The entanglement gap A, remains "finite”. LMU L iANS-
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U(1) broken phases: the 2D Bose-Hubbard model

» Similar analysis for the 2D Bose-Hubbard model in the superfluid phase.

H=—3(blb;+ h.c.)+ Y ni(n — 1)
(if) i

A
B
B
ek
B

> Superfluid phase = U(1) symmetry
breaking.

Gl

FEF--F >

lafip
HEE
ERE--B
LBFP-A
HEE
HEE
lal
mlal

> Tower of states Hamiltonian given as:

v
w,
>o oo
sz==z==

PO®~NOO

5]

(sny?
v

R10%00 %

HTOS ~

x
x> o

x> O O x<Ixo

x> o O 0XDxeoN

XIPO O O XXDETBIOA:

x>OO O

0000

10

x

%00 %3 (RCRDOKE
XX TIIXOPED RXEG
OBGR | IKEIX KRN
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BEOG KB xXBOGHG
> 8 DORDONE

» Parabolic low-lying structure in the

XEED0R [0 KX KIS
I CHTILRRD KORES
x> O 0 x %%
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x> o O

entanglement spectrum g

XIPO O O XIDAGCRLN

#6000
x>oO O

He ~ 7(6,\‘/’.?)2 ¢

ol ‘
[V.A,Haque,L3uchli,2013] -10 0 10
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> In SU(2)-broken phases the ground state ES reflects the low-energy
physics of the system.

> Low-lying ES levels are in correspondence with the tower of states energy
spectrum.

> ToS structures in ES are divided from the rest by an entanglement gap.

» Entanglement spectroscopy as a tool to detect symmetry broken phases
with DMRG.

> Only ground state calculations needed (as opposed to conventional energy
tower of states spectroscopy)
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Entanglement of multi-intervals

» Single interval entanglement = central
charge.

» Much more universal information is
contained in the entanglement between
many disjoint intervals.
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Two disjoint intervals

» How can we measure the mutual entanglement between A; and Ay?
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The mutual information
» Renyi mutual information between A; and Aj:
v

Ay
Ny
) ’
ZWLM
A

nen O )= 0+ 50 - S
Renyi entropies 5/(\”) = _nll log Trp?

» The mutual information does not measure the quantum entanglement
betWeen A]_ and A2. [Plenio, Virmani, 2007]

» I(M[A; : Ay] provides only an upper bound on the entanglement
between two intervals.
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Logarithmic negativity

» The logarithmic negativity is a computable measure of entanglement

between two intervals.
Ay
T Uy
€ =log Tr|p 2, o on ST IN = 2 x— 2 A ) d
V2 /-
[Vidal-Werner,2002] w U
Ay
» Trick/Cost: partial transposition with respect to degrees of freedom
of A2.

1) (2 1 1) (2 1
(e i lele®) = (e loa el )

i

» &£ measures “how much” the eigenvalues of p'? are negative.
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Scaling behavior: CFT results

> Tr(pz\—quz)” can be computed in CFT via replica trick. A,

A v
» Two adjacent intervals (up — v1): ulff\

(85} [
[Calabrese et al. 2012.2013] £ — € oo f1ls | (gt TR
4 L1+£o A2

» Two disjoint intervals: only Tr(piuA2)” are known

Tr(pZ:UAz)n = coll1la(1 — }’)]_%(n_z) Gn(y)

» Gp(y) is a universal scaling function of the four point ratio y

— |u—vi||ia—w|
Y= [ui—w2||vi—ve]
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Entanglement negativity and (Q)Monte Carlo simulations

> Tr(p}quz)" can be obtained in (Quantum) Monte Carlo.

» Replica trick representation.

[V.A., J. Stat. Mech. P05013 (2013) |
[Chung, V.A., Bonnes, Chen, Lauchli, arXiv:1312.1168]

uuuuuuu
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Numerical checks

Ay
4 vy
» 1D hard-core bosons. uL ) ]
H=—t>(blbii1+hc) Ay

» Consider the scale invariant ratios Rj:

T2
Tr(pAlqu)"

Rn = —

n
PAUA,
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QMC results

Rn

n
PAauA,

=
Tr(pAiuA2 )"
Tr

[Chung, V.A., Bonnes, Chen, Lauchli, arXiv:1312.1168]

&0 L=96

7@9@(‘)@@@?@@ @-@@@_@.@_ 2240
% & ;?9. &

<
&

L=48
O L=24
-—= CFT

Ry — RCFT 1 1=2/3g(0/)(y) + ..

Ay

d3 = Ry — REFT
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> A lot of universal information about critical systems can be extracted from
the entanglement between two disjoint intervals.

> Entanglement negativity.

> Negativity-related quantities can be effectively calculated in (Q) Monte
Carlo.
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Thanks!
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