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Kondo	  Physics	  

Despite	  the	  gapless	  nature	  of	  the	  Kondo	  system,	  we	  have	  a	  length	  
scale	  in	  the	  model	  
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Realiza1on	  of	  Kondo	  Effect	  
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Kondo	  Spin	  Chain	  
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7	  Using	  only	  the	  spin	  sector	  of	  the	  free	  electron	  Kondo	  Model	  



Entanglement	  as	  a	  Witness	  of	  the	  Cloud	  

A	   B	  Impurity	  
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How	  to	  quan*fy	  the	  entanglement	  between	  S	  
and	  B?	  

A	   B	  Impurity	  

L	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
	  
	  

'/)'( J
K eJ αξ ≈

S	  

ρSB
TB

N(ρSB ) = ai
i
∑ −1

ai =

Nega%vity	  

Eigenvalues	  of	  	  

Defined	  from	  Peres-‐Horodecki	  parWal	  
transpose	  condiWon	  by	  Vidal	  &	  Werner	  
in	  2002.	  

No	  form	  of	  von	  Neumann	  entropy	  
suffices!	  



Entanglement	  versus	  Length	  

Entanglement	  decays	  exponen1ally	  with	  length	  
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Scaling	  
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Scaling	  of	  the	  Kondo	  Cloud	  
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Applica1on:	  Quantum	  Router	  

Conver1ng	  useless	  entanglement	  into	  useful	  	  
one	  through	  quantum	  quench	  followed	  by	  

nonequilibrium	  dynamics	  
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Simple	  Example	  
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With	  tuning	  J’	  we	  can	  generate	  a	  proper	  cloud	  which	  	  
extends	  1ll	  the	  end	  of	  the	  chain	  

1)'( −= NJ optKξ

optJ '

Extended	  Singlet	  
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mJ

RL GSGS ⊗=)0(ψ

)0()( ψψ tiHLRet −= )(1 tNρ )(1 tE N

Quench	  Dynamics	  
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1-‐	  Entanglement	  dynamics	  is	  very	  long	  lived	  and	  oscillatory	  
	  
2-‐	  maximal	  entanglement	  aNains	  a	  constant	  values	  for	  large	  chains	  
	  
3-‐	  The	  op1mal	  1me	  which	  entanglement	  peaks	  is	  linear	  

ANainable	  Entanglement	  
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For	  simplicity	  take	  a	  symmetric	  composite:	  

2/)2()'( −= NJLξ

'J 'J

2/)2()'( −= NJRξ

mJ

)
2

2,(),(),,()',,(
−

===
N
N

N
tEN

N
tENtEJNtE

ξ
ξ

Distance	  Independence	  

18	  



RJ 'LJ '
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Op1mal	  Parameter	  
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LJ ' RJ 'mJ

K:  Kondo (J2=0)         D:  Dimer (J2=0.42) 

Clouds	  are	  absent	  

Non-‐Kondo	  Singlets	  (Dimer	  Regime)	  
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1)'( −= LLL NJξ

LJ ' RJ '

1)'( −= RRR NJξ

mJ

Asymmetric	  Chains	  
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Symmetric	  geometry	  gives	  the	  best	  output	  

Entanglement	  in	  Asymmetric	  Chains	  
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Entanglement	  Router	  
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Two	  Impurity	  Kondo	  Model	  
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Spin	  Chain	  Emula1on	  of	  Two	  Impurity	  Kondo	  Model	  
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Impuri1es	  
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Entanglement	  of	  Impuri1es	  
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Scaling	  at	  the	  Phase	  Transi1on	  
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The	  cri1cal	  RKKY	  coupling	  scales	  just	  as	  Kondo	  temperature	  does	  
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Entropy	  of	  Impuri1es	  

)1log()1()log()( 1,1 ppppS
RL

−−−−=ρ

∑
±=

−− −
+=

,0
11 3

1
k

kk TTpp
RL

ψψρ

0)(  :0

2)(    :0

)3log()(  :0

1,1

1,1

1,1

=>>

==

=<<

RL

RL

RL

SJ

SJ

SJ

I

I

I

ρ

ρ

ρ

1  :0
1/4    :0
0  :0

=>>

==

=<<

pJ
pJ
pJ

I

I

I Triplet	  
	  

Iden1ty	  
	  

Singlet	  

30	  



Impurity-‐Block	  Entanglement	  
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Block-‐Block	  Entanglement	  
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2nd	  Order	  Phase	  Transi1on	  
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Order	  Parameter	  for	  Two	  Impurity	  
Kondo	  Model	  
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Usual	  Order	  Parameter	  	  
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Phase	  transi1on	  is	  captured	  by	  a	  local	  order	  parameter:	   ∑=
i

i
zm σ

Mean	  field	  theory	  for	  free	  energy	  analysis:	  

m	  

F	  
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F	  
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Behaviour	  of	  the	  	  
order	  parameter:	  

m*	  -‐m*	  

g	  

m*	  

gc	  

Spontaneous	  
symmetry	  breaking	  



Order	  Parameter	  
Order	  parameter	  is:	  
	  

1-‐	  Observable	  
2-‐	  Is	  zero	  in	  one	  phase	  and	  non-‐zero	  in	  the	  other	  
3-‐	  Scales	  at	  cri1cality	  
	  
	  

Landau-‐Ginzburg	  paradigm:	  
	  

4-‐	  Order	  parameter	  is	  local	  
5-‐	  Order	  parameter	  is	  associated	  with	  a	  spontaneous	  	  
	  	  	  	  	  symmetry	  breaking	  
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Bulk	  vs.	  Boundary	  QPT	  
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Bulk	  phase	  transi1on:	  a	  global	  parameter	  induces	  the	  QPT	  
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Boundary	  phase	  transi1on:	  a	  local	  parameter	  induces	  the	  QPT	  
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Impurity	  Phase	  Transi1ons	  
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Impurity	  phase	  transi1ons	  are	  an	  example	  of	  boundary	  QPT:	  
	  
•  There	  is	  no	  order	  parameter	  (either	  local	  or	  non-‐local)	  

•  There	  is	  no	  spontaneous	  symmetry	  breaking	  

•  RG	  flows	  shows	  unstable	  fixed	  points	  which	  is	  an	  	  
	  	  	  	  	  indicator	  of	  the	  QPT	  



Entanglement	  Spectrum	  

Entanglement	  spectrum:	  
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Entanglement	  Spectrum	  

NA=NB=400	  
J’=0.4	  

NA=600,	  	  NB=200	  
J’=0.4	  

IJ IJ
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Schmidt	  Gap	  
Schmidt	  gap:	  

IJ
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Thermodynamic	  Behaviour	  

IJ IJ

J’=0.4	   J’=0.5	  

In	  the	  thermodynamic	  limit	  Schmidt	  gap	  takes	  	  
zero	  in	  the	  RKKY	  regime	  
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Diverging	  Deriva1ve	  

IJ

In	  the	  thermodynamic	  limit	  the	  first	  deriva1ve	  of	  	  
Schmidt	  gap	  diverges	  

IJ
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Diverging	  Kondo	  Length	  
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Finite	  Size	  Scaling	  
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Schmidt	  Gap	  as	  an	  Observable	  
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Summary	  
Impurity	  systems	  show	  exo1c	  quantum	  phase	  transi1on	  which	  	  
does	  not	  fit	  in	  the	  Landau-‐Ginzburg	  paradigm.	  
	  
Entanglement	  captures	  the	  quantum	  phase	  transi1on	  in	  two	  
impurity	  Kondo	  model	  though	  it	  is	  not	  an	  order	  parameter.	  
	  
Schmidt	  gap,	  as	  an	  observable,	  shows	  scaling	  with	  the	  right	  	  
exponents	  at	  the	  cri1cal	  point	  of	  the	  two	  Impurity	  Kondo	  model.	  
	  
Kodno	  physics	  provide	  distance	  independent	  entanglement	  	  
through	  a	  single	  bond	  quench.	  
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