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Introduction

Entanglement: fundamental quantum property
Different reasons for interest:

© Quantum Information, Quantum computers
@ Telecommunication and Teleportation

© Black holes, Information paradox & Quantum Gravity

@ Condensed matter physics — non-local correlations

@ Universality in Quantum Fluctuations and Phase Transitions
Q@ NON LOCALITY intrinsic in Quantum Mechanics?

o EPR paradox (1935): uncompleteness of QM or non-locality?

e Bell inequalities (1962)— local hidden variables exist only if a
certain correlation P < 2

o Clauser Friedmann (1966) & Aspect (1980) experiments —
P > 2 = possible non-locality of QM
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Entanglement and density matrix

Consider a system divided in two complementary subsystems A and B
@ Define reduced density matrix for subsystem A

pa = Trp|0)(0]

Quantum entropy (Von Neumann) of Entanglement (E-Entropy)

SA = 7TI‘A(pA |ngA) = SB

For a separable state S4 = 0, for a maximally entangled state it is
maximal = S, is a measure of Entanglement
@ Area law

Sa x Area(0A)

Rényi Entropy

1
S,,—l

|Og TI'A[)Q\ — SA = 51 = lim 5,,
—n n—1
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Entanglement in a Spin Chain

@ Hamiltonian of a chain of length L

L
H=>" Hs
k=1

@ Block of spins in the space interval [1,¢] is subsystem A

@ The rest is subsystem B

— Entanglement of a block of spins in the space interval
[1, ¢] with the rest of the ground state as a function of ¢

A B
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Entanglement entropy in CFT

o If the chain is critical, use CFT

@ Partiton function of a theory with Lagrangean £ on a Riemann
surface R= n sheets sewn by the segment [a, b]. It has zero
curvature but for points a, b with conical singularities

21£.R] = [ Doexp { / dxdyz[o](xﬂy)}

@ n copies of the theory

Z[L,R] = / Dy.. Dppe Je DALl +LGI} — 7120 C] = Z,

/ E !

-
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Twist fields (1)

o Path integral with b.c.
$i(x,0") = ¢i11(x,07) ., x€[ab]
o Twist fields
¢i()T(x) = Ola —y)T(x)¢i1(y) + Oy — x1)T(x)éi(y)
9i(y)T(x) = O(a—y)T(x)gi-1(y) +O(y1 —x1)T(x)i(y)

@ Orbifold construction

Z, o (T(a,0)T(b,0))sm ¢
(O(x)T (a,0)T (b, 0)) pim ¢
e = 0)7(5.0)) o




Twist fields (II)

o Conformal transformation

3=

WER = zec(C z:<Wa)
w—>b

o Stress-energy tensor T(" of replica theory

dz \? c
) Z =+ -
T Ti(z) transformsas T(w)= <dw> T(Z)+12 {z,w}
e 1-pt function (T(w)), =

cf 1 (a—b?  (T(X)T(3,0)T(b,0)) e c
(7)

w —a)*(w — b) (T(a,0)T(b,0)) e ¢

n2
o Comparing, get the conformal dimensions of the twist fields
~ c 1
A, =A, - =
12 < n>

o General definition off-criticality
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Density matrix

@ Density matrix of the vacuum (ground state |2), not to be confused
with conformal vacumm |0))

p = [2)(Q
@ Reduced density matrix
pa=Trgp
@ Traces
n H An Z,,
Trapi < Z, normalized Traph = >n
1
@ Renyi (S,) & Von Neumann (S;) entropies
1 .1 Z, i
S, = l_nlogTrApAfmlogz—ln , 51—,lln15n
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EE in CFT - Results

@ Thermodynamic limit L — o
S(t) ~ Slogl+ O(1)
t—oo 3
¢ = central charge of CFT, O(1) = non-universal
@ Obtain results for L finite through conformal map plane — strip

I

S(,1) = £ log (TLr sin L) 4+ 0(1)

O(1) does not depend on ¢/L.

o Off-criticality S is finite for £, L — oo and computable exactly in
integrable spin chains through CTM approach.

S(©) v, 3 lo8E +0(D)
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Non-unitary models

Free energy (8 =1/kT)

FB)=fLB+ FB - =5 4.
bulk boundary 65
Casimir

For non-unitary models

C — Ceff = C— 24N\ 1iin

Is it true also for EE?
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EE in non-unitary CFT

@ Tra(p}) in the vacuum in a critical chain with boundary.
Z, =orbifold on the half-plane

-
;E T ‘ | II |
e >

@ Exchange role of time and space, then transform to the cylinder

— log L—Z
z w =110
gE—i—z
Z, = (ale” B el) . Z) = (ale” B S b
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Stress-energy tensor

c
T(z) = sz ZT =  H=lL+l-
keZ
TU(x+2r) = TUH(x) orbifold (cyclic)
TO(x+271) = TU(x) replica (periodic)
@ replica: n commuting Vir,: LS(J), kel
n
r j . r T re nc
Lee =319 evir,, = Hrep = Ls™ + 157 — 15

Jj=1
e orbifold: Torb(X) = TLL

2w

j(X mod 27) x € [0,2mn|

Tors(x Z &z with  LeeViee keZ
keZ
T(x)= Z Torb(x + 27)) has modes Lok, k€Z
j=1
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Orbifold / (Replica)”

o Define:
orb Lk . orb | Jorb nc
Lk = —+ AT5O.k € Vir,. — Horp = L + L E
n ,
@ Insert a complete set of states
Z, = (ale” 85 en Z |s)(s[b) o e~2lE (A7 —88)
Zln — Iog ‘Hrep Z |5 S|b —2|og ( ,,,,,,—%)
Z, e\ £ (n=2%)+- cer(n+1) l
— =T ":<7) = Szil —T...
zp ~ APAT Y " 12n Bzt
Cef \ V
S=—log-+..
6 €
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New twist field

We have introduced a new field that acts as a twist

L Té: (x) = lim 2(173)8mn T (x + £)g(x)

e—0

allowing to express the trace of powers of p in a natural way in
non-unitary models where the vacuum is not the conformally invariant
state |0), but

|¢) = ¢(0)|0)
where ¢(z) is the field with lower (negative) conformal dimesion A,
Ok on the half-plane

Traph

(T :(£):T:(0))
{00 on the plane

The same approach could be used also for negativity
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Corner Transfer Matrix

o CTM is a very useful tool

A§,§/ = Z H 4

@ and analogously B, C, D with 90° rotations.
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Partition function and CTM

@ Now we can build up the whole lattice by using the 4 CTM’s

f$f
c ! B
i
|
r
EREH R
| T |
)i
|
i
D
I A
T
0

e Partition function

Z = Z A&ﬁ/ B(—7/5.1/ Ca//(;/// DE”’E = TI‘(ABCD)
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Reduced density matrix and CTM

@ Now suppose to divide the spins in two subsystems A:
5’A = (01, ...,O'p) and B: 5’3 = (0p+1,...,CTL), ie. 0= (5’A,C_TB)
o Reduced density matrix of subsystem A

PA(Ga;Tp) = Z<5A, 78/0)(0l 4, 55) = Tre(54]0)(0/7a)

oB

Ny
BN J Ba'.

1
pa=(ABCD)s 5+ = S,= 1 log Trap’a
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EE in FB models

e Continuum limit of ABF models on square lattice (RSOS,,). CTM
diagonalization is given and the calculation of pa has been done

o Can be generalized to FB non-unitary RSOS,, ,,y models
a=1,..m—-1,d=1,...,.m—1land t = %

m’'—1
Z, = Z E(x*,y)"F(a,d;x*") y=ebkst, x=y m
a=1

a=| dm’ mod 27
L]

m

k(k—1) (a—d)(a—d—-1) c
E(y)=> (-Dy 7 x*  Fla,diq)=q &+  q= Pdyu(q)
n€Z
@ Renyi entropy

1 1 n
S, = log Traph = —— log Z, — log Z
l—nOg fapa 1—nOg l—nOg !
expanding for t — 0 with £ ~ t=%, with v = 4(m'f'im)
1)ce
5, = (I cer e
12n
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Numerical results

Spin chain
1L
— z X X ; X
H(A, h) = > E (07 + Aojoiyy + ihof)
i=1
has a critical line in the (X, h)-plane with ¢ = —22 (cor = 2): Lee-Yang
universality class.
h,
M;‘ ““‘.
- 0.5 1
03 06 091 A 1/
0.1 —_— 3 —_— T
""" hemis L=12,6=50 o L=12£=83
01 A=03 ihe-a A=06 TTieo1s O A=00 [Zibe=74
h=033 h=10.098 I =0.007
009 v=0582 [ieoss 0.22- [Tieess M v=0957 [IEe=6s
0 0.5 0 0.5 1 0 0.5 1
/L /L I/L

S= CCT” log (% sin Zf) + « Numerically c.ge = 0.4056 and o = 0.3952
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Quantum critical hamiltonian

@ “The answer is yes, but... what was the question?" - We
know the 2D classical lattice model, we can compute formally S,
but what is the quantum Hamiltonian we are dealing with?
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Quantum critical hamiltonian

@ “The answer is yes, but... what was the question?" - We
know the 2D classical lattice model, we can compute formally S,
but what is the quantum Hamiltonian we are dealing with?

o At criticality Uy (s/(2)) invariant XXZ model

N—-1 -1 -1
q+gq q9—4q
H=-J Z(Uﬁo’ﬁ+1 +oyon, + Taﬁoﬁﬂ) + 5 (o1 —on)
n=1
Can be rewritten in terms of Temperley-Lieb operators
N-1
H=-1) e,
n=1
e2=—(qg+qg Ve, , enenrien=-¢en, , €nem=eme,if [n—m|>1
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Quantum off-critical hamiltonian

What happens off-criticality? Introduce the tile operators
(a=(a1,a2,...,an))

a/
l‘a = Héaiaa;
i

/

s(atA)
e Oz 20 | 0a: . 2 —L , s(u) =Y (u, t
J‘a g aj,a; dj—1,3j11 S(aj+1>\) ( ) ( )

. a’ (@510 | SN &) s(alt))
gJ|a [(H 58,'73}) 53j—1,3j+1] [(3 —3j11) 5 +1A) +n .((A) s(ajilz\)
i

Hamiltonian

d S(0) s\
H=——-log T(u = —JZ [ Nk ((/\))I—I—gj]

Limit t — 0: g; — 0 while ¢; —TL-algebra
In general, algbera with two parameters (= elliptic algebras?)
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@ Von Neumann and Rényi E-Entropies are crucial tools to study
entanglement in quantum systems. In integrable models, they can
be calculated using integrable techniques.

@ Corner Transfer Matrix technique allows the exact calculation of
bipartite E-Entropy in spin chains. Having the exact formula at
hand, one can test some of the open issues about entanglement in
these models.

@ In the case of non-unitary theories, the coefficient of the logarithmic
divergence near criticality gives c.g instead of c. Although this
result is not surprising, it sheds more light on the general way to
compute finite interval density matrices in generic CFT's.

@ An integrable way to compute finite size E-Entropy is to be
developed. It would complement the present knowledge by new
precious information.
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Conclusions

e Entanglement entropy is a new way to approach interesting problems
in theoretical physics and it should be better understood in
(integrable) QFT, as it seems crucial in the solution of challenging
paradoxes, like the information loss in black holes.

o It also stimulates progresses in mathematics, in the best tradition of
the integrability approach.
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Thank you!!!
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